We shall provide a large class of extremal positive maps in M 3 (C) which are neither 2-positive nor 2-copositive and study the algebraic structure of the set of all positive linear maps in M 3 (C).
§ 1. Introduction
Let M n (C) be the n x n matrix algebras and P(M n ) be the set of all positive linear maps in M n (C). One of the basic problems about the structure of the set P(M n ) is whether the set P(M n ) can be decomposed as the algebraic sum of simplier classes in P(M n ). Tow convex classes were candidates, that is, the class of completely positive maps and the class of completely copositive maps. With these classes the program was successful at least for M 2 (C) [13] . That this is not the case for higher dimensional algebras was shown by Choi [3] at first by an example of indecomposable maps in M 3 (C). Recently, Kye [6] , Tanahasi and Tomiyama [12] , and the author [8, 9] have studied strong positive indecomposable maps in M n (C) such that they can not be decomposed into a sum of a 2-positive map and a 2-copositive map. Another approach to the set P(M n ) is to study extremal points in P(M n ). In [11] , St0rmer investigated the extremal unital positive maps in C*-algebras and completely characterized the class of extremal unital positive maps in M 2 (C). This is, however, no algebraic formula which enables one to construct general extremal positive maps, even in M 3 (C). It is, therefore, of interest to tackle the class
of extremal atomic maps, that is, extremal positive maps which are neither 2-positive nor 2-copositive.
In the present note, we shall provide a large class of extremal atomic maps in M 3 (C) and try to determine the algebraic structure of the set P(M 3 ).
For nonnegative real numbers, c l9 c 2 This is the affirmative answer to the question described in [6] . To prove Theorem, we use Choi and Lam's method [5] . and yfj e C. The converse is also true. Considering the set of real variable x = (x l9 ..., x n ) 9 y = (y l9 ..., y n ) of R", the study of decomposability is related with Hilbert's classical problem of whether a positive semi-definite real forms (= psd forms) must be the sum of all sequare of other (real) polynomials. Let P n , m be the set of all psd in n variable of degree m. A form F € P n , m is said to be extremal if F = F 1 + F 2 , F t e P w>m , should imply F t = A^F, where A f is nonnegative real number with A t 4-A 2 = 1. If we write fi(P w , m ) to denote the set of all extremal forms in P w m , an elementary result in the theory of convex bodies shows that e(P Mjm ) spans P w>m . We stress that if ^ 6 P(M n ) maps M M (R) into itself, B^ e £(P 2n ,4) implies that (j> is extremal in P(M n ). Therefore, to get Theorem, it suffices to prove B 0 [2; c l5 c 2 , c 3 ] ee(P 6j4 ).
We show in §2 B 0 [2; c l9 c 2 , c 3 ] e e(P 6 §4 ). In §3, we study the algebraic structure of the set P(M 3 ). §2» Extremal Biquadratic Forms Let P n>m be the set all psd forms in n variables of degree m and e(P n>m ) be the set of all extremal psd forms in P n>m . For nonnegative real number c l9 c 29 c 3 We put x^! = a, x 2 y 2 = fc, x 3 j; 3 = c, then we have only to show
for a, fc, c > 0. By symmetry, we may assume that c is smallest. Using the arithmetic-geometric inequality again, we have
>o. a To try to eliminate more monominal terms from K, we use Reznic's idea [10] . Let P(x l9 ..., xj = Y, a i* yi be real form with degree 2m, where a t ^ 0 and y £ 9 s are distinct n-tuples on R n . The cage of P 9 C(P\ is the convex hull of the y f 's, viewed as vectors in W lying in the hyperplane M t + ••• + M B = 2m.
Reznic showed that if both of / and g are psd forms, then C(f + g) 3 C(f) [10, Theorem 1] . Using this result,
C(K) .
From this observation, K can be written as follows, From (1), (3), and (5) Let P(M M ) be the set of all positive linear maps in M n (C). For each k = 1, 2, ..., a map (p e P(M n ) is said to be fe-positive (respectively, fc-copositive) if the ^-multiplicity map <p(fc) (respectively, the fe-comultiplicity map
is positive. If (p is fc-positive for every fc, then q> is said to be completely positive. It is, however, known that every n-positive map in M n (C) is completely positive and the class of completely positive maps is equal to
Completely copositive maps are defined in a similar way and the saturation of copositivity in M B (C) also occur. In particular, the class of completely copositive maps is equal to where t means the transpose map in M B (C). A map cp e P(M n ) Is said to be decomposable if <p can be a sum of a completely positive map and a completely copositive map. As a new candidate for the previous basic problem, Tanahasi and Tomiyama [12] have introduced the following concept;
Definition. A map cp e P(M n ) is said to be atomic if cp can not be decomposed into a sum of a 2-positive map and a 2-copositive map.
Note that the class of atomic maps is not a positive cone [8] . Let {^i,j}i<i,j< n be canonical matrix units for M 3 (C). It is easily seen and 0[2; c t , c 2 , c 3 ] is not 2-copositive.
